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On various approaches to Besov-type 
spaces of variable smoothness* 

A. I. Tyulenev 


Abstract 

The paper is concerned with Besov spaces of variable smoothness {tfe}), in 

which the norms are defined in terms of convolutions with smooth functions. A relation 
is found between the spaces {tk}) and the spaces {tfc}), which were 

introduced earlier by the author. 
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1 Introduction 

Besov-type spaces of variable smoothness have been studied extensively during 
the last 30 years. We point out only a few of the landmarks in the extensive 
literature on Besov spaces of variable smoothness (and their generalizations): 

m, m, m, uni, 0, a, 0. 

For further purposes we shall introduce a special class of weight sequences. 
By a weight sequence (which will be denoted by {sk}, {tfe}) we shall mean 
a function sequence whose elements are measurable functions that are positive 
almost everywhere on R". 

Definition 1.1: A weight sequence {s^} = {sfe(-)}^Q will be said to lie in 
if, for as >0, ai,a 2 € R, 

1) 1 I < k eNo, X €R’^; 

Oi Si j 

2) sfe(x) < C 2 Sk(y)(l + 2'=|x - y|)“^ k gNq, x,y € R”; (^-l) 

here Ci, C 2 are positive and independent of x, y and fc, 1. 

In the majority of papers known at present the Besov spaces of variable 
smoothness were defined in terms of the Fourier transform. 

Let i?" be the unit ball of R", ifo G «S'(R”), 'I'o(x) = 1 for x S B”, supp 'Lq C 
2i?". For j G N, we set 'l'j(x) := 'ko(2“^x) — fE'o(2“'^'''^x), x G R”. 

*This research was carried out with the financial support of the Russian Foundation for 
Basic Research (grant nos. 11-01-00744, 10-01-91331) and the program “Development of the 
Scientific Potential of Higher Learning Institutions” of the Ministry of Education and Science 
of the Russian Federation (project no. 2.1.1/1662). 
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Definition 1.2: Let p,q £ (0,oo], ai,a 2 e M, 0:3 > 0, {sfe} G 

we shall denote the space of all distributions / G S"(M”) with fi¬ 
nite quasi-norm 

:= \\s,F-\^,F[f])ULp{R-))\\. ( 1 . 2 ) 

In (11.21) the symbols F and F~^ denote, respectively, the direct and inverse 
Fourier transforms. 

Definition O is not satisfactory by the following reasons. First, a weight 
sequence {sk} contains the functions which increase slowly at infinity. Moreover, 
each weight function Sk has no points of singularity or degeneracy points. 

An axiomatic approach to function spaces was developed in US], [n]. A 
more general (than Lp) function space satisfying a certain set of axioms was 
used on the right of (HU. This approach is capable of dealing with weighted 
Besov spaces of variable smoothness {sk} G (with weights satisfying the 

doubling property). 

Besov spaces of variable smoothness with norm defined in terms of classical 
differences were studied in m, 0 for p,q £ ( 1 , 00 ). Moreover, a wider (in 
comparison with class of weighted sequences ^°^Ya^a 2 examined— 

this class differs from the class Y^^a^ condition 2) in Definition 11.11 is 

replaced by the condition 

2') Sfe(a;) <C2Sfc(2/)2'=“3, fcGNo, <2-A (1.3) 

We pursue two goals in this paper. First, we want to extend the theory of the 
spaces Bpfq ^(M”) with p,q£ ( 0 , 00 ] to a much wider class of weight sequences. 
In doing so, the approach developed by Rychkov m will be used instead of 
the Fourier analysis. The class of weighted sequences to be introduced below 
turns out to be so broad that it will envelope both the weighted Besov spaces 
of [131 and the Besov spaces of variable smoothness (only for constant p and q) 
which were actively studied by H. Kempka with coauthors in |TU], [5] (for details 
see Remark 12.41 below). It is also worth noting that Besov spaces of variable 
smoothness are first dealt with in this degree of generality. 

Second, we will establish the relation between the spaces appearing as a re¬ 
sult of such extension and the spaces {tfe}), which were introduced 

by the author in m using the methods of nonlinear spline approximation. The 
space ,,(]R", {yt}) (with 1 < r < p < 00 ) arises in the natural way as the 
trace space of the weighted Sobolev space VFp(K", 7 ) with weight 7 G ^^‘^(R") 
(for details, see §3 of [I^). Hence, the problem of finding an equivalent de¬ 
scription of the space Rp ^_^(R", {tk}) is of great importance in some practical 
applications (for details see §5). 

2 Auxiliary results 

The following convention will be followed throughout the paper: when no limits 
of integration are explicitly shown, it is to be understood that the integration 
is taken over the space R". 
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By _D(R") we shall denote the linear space of compactly supported infinitely 
differentiable functions; the topology on this space is standard (see, for example, 
Ch. 6 of [H]). Next, will denote the linear space of continuous linear 

functionals on Following [TJ] we shall be concerned only with functionals 

from the space S'e(M"') C 13'(K”). Note that / € S'e(R") if and only if 

\{f,‘p)\ < C'/sup{|I3“(/7(a;)|exp(7V/|a:|),a; G M”, |a| < Nf}, if G D{W^). 

Given a function g G I3(]R"), we set Qj := j G N. 

Next, for a function ^ G I3(]R") we let denote the supremum of L such 
that 

J x^'ijj{x) dx = 0, \P\ < L. ( 2 . 1 ) 

A function ip is said to have zero moment of order L if condition (12.11) is 
satisfied. 

In what follows Q" will denote a cube in the space R." with sides parallel to 
coordinate axes, r((5") will denote the side length of Q". For 5 > 0, by JQ" 
we shall mean the cube, concentric with a cube Q", with side length r{6Q'^) := 
Sr{Q'^). By Qjf ^ we denote a dyadic cube of rank k. More precisely, := 

n ^ n 

n (^, ^ '■= 0 [ ) for k G No, m G Z". We set also 

i=l ’ 2=1 

:= (- 1 , 1 )”. 

For p G (0, oo] and a measurable set E of positive measure, we let Lp{E) 
denote the set of all classes of equivalent measurable functions with finite quasi¬ 
norm ||/|Lp(£')|| := (^J\f{x)\P dx^ (for p = c» the corresponding modifica¬ 
tions are straightforward: the integral is replaced by ess sup). Given q G (0, oo], 

we let Iq denote the linear space of all real sequences {ofc} with finite quasi-norm 
1 

( OO \ g 

X) ) (for q = oo the corresponding norm is defined using 

fc=i / 

the supremum). 

By a weight we shall mean an arbitrary measurable function that is positive 
almost everywhere. For the definition and basic properties of the weighted class 
Ap‘^(R”) for p G (1, oo] we refer the reader to [T^ . 

Throughout, by c or (7 we shall denote insignificant constants, which may be 
different in different inequalities. The constants will not be labeled. Sometimes, 
when it is essential for the understanding of the exposition which follows, we 
shall indicate the parameters on which some or other constant is dependent. 

In the present paper we shall slightly modify the definition of the weight 
class which was introduced by the author in [16]. 

A sequence of weights {tk} is said to be p-admissible for p G (0,oo] if tfc G 
4°‘=(R”), k G No. 

Let {tk} be a p-admissible weight sequence. By {tk^m} we shall denote the 
multiple sequence defined by 


tk,m ■— PfclLp((5fc_m)ll 


fc G No, TO G Z”, 


(2.2) 
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and by {tk} we shall denote the weight sequence 

tk{x)--2^ ^ tk,mXQ^ ^{x), fceNo, xSK”. 

meZ" 


Definition 2.1: Let p,ai,a 2 G (0, oo], let := {a\}, c? := {a^} be sequences 
of positive real numbers, and let 0:3 > 0. We set a := (( 71 , 172 ), a := {a^,a'^). 
By p we shall denote the set of all p-admissible weight sequences {tk} ■= 
that, for some Ci, (72 > 0, 

< Ci^, 0 < k < j, TO G Z”, 

/ ^7 

(2.3) 

tj^ix)] <(72-|, 0 <A:<j, toGZ", 

Qh,m Qk,m 

(2.4) 

(for p = cx) or (Ti = cxD or (72 = 00 the modifications in (2.3) and (2.4) are 
standard). 

3) for all fc G No 




0 < 4.m < 


to,toGZ”, |TOi—TOi|<l, f = l,...,n. (2.5) 


Remark 2.1: Let parameters ci,C 2 > 1 and sequence {tk} G be fixed. 

Then it easily follows from (12.51) that 

1 1 


T) 2 


\kn 


ciQ? 


2 ') 2 


)kn 


tlix) 


tlix) 


2kn J J < c[^, 


V 




( 2 . 6 ) 


ciQJ 


)fcn 


C 2 QI 


a] 

t/_ 3 


0 < A: < j, m e 


(2.7) 


Here, the constants ( 7 (, C '2 depend only on the constants ( 7 i, (72, ci, C2, 0:3, (7i, (72,p. 


Remark 2.2: Let ai,Q !2 G K, {a}} = {2'^“!}, {a^} = {2^“=^}. If under these as¬ 
sumptions one requires that conditions (2.3), (2.4) were satisfied for the weight 
sequence {ik} (instead of {tk}), then Definition 12.11 is equivalent to the corre¬ 
sponding definition from m- 


The following elementary assertion will be useful in § 3. 

Lemma 2.1: Let as > 0, cri,p G (0, 00 ], (72 = p, let {a\}, {a^} be sequences of 
positive real numbers. Next, let a p-admissible weight sequence {tk} G 
Then the weight sequence {ik} G X}{{p. 
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Proof. It is clear that estimates (2.4), (12.51) holds with {tfc} instead of {tk}- 
Note that the exponent cti may be written as cti = 9pg with some 9 G (0,p] 
(here we assume that 9pg = oo for pg = oo and pe = 1 ior p = 9 G (0, oo]). 
Hence, by Holder’s inequality, 


2 


fcn 

e 




t 


-(Ti 

k 



1 


( 2 . 8 ) 


A direct calculation using estimate (12.81) gives (2.3) with {4} instead of {41- 


Remark 2.3: Let p G (0,oo], 01,02 S 
The embedding 


C 


p for all ( 71,(72 


{a{} = {2'=“4, {al} = {2'=“^}. 
G ( 0 , oo] can be proved by 


elementary estimates. However, if, when considering the class p, one is 
content only with suchp-admissible weight sequences { 4 } for which { 4 } = { 4 }, 


then X^f^p C 


Y°‘3 


Example 2.1: We give an example illustrating the advantage of Definition 12.11 
over Definition 11.11 Let p G (0,oo), r G (0,p), a weight 'yP G A'p‘’(IR"), and 

a weight sequence {sfc} 6 ^°'’ tk{x) = Sk{x)j{x) with x G K", 

fc S Nq. Now a direct calculation using the definition of the class A£‘’(R") 
(see [I3]) shows that {4} € X^f^p with cri = (72 = p, {a{} = 

{o|} = (with some oi, 02 G M). Thus, a multiplication of a fairly ‘good’ 

sequence jsfc} by a sufficiently ‘bad’ weight 7 does not impair the exponents 
ai, a 2 (of course, if we are dealing with the class X^^^ p). 

Definition 2.2: Let p,q,ai,a 2 G (0,cx)], > 0, and let := {a^}, c? := 

{al} be sequences of positive numbers. Assume that a weight sequence {tfc} G 
Let ifo e C'o“(R”). We set <p{x) := Mx) - 2-”(po(f) for x G R". By 
i3^°(R",{4}) we denote the set of all distributions f G S'^ with finite quasi¬ 
norm 

^ CO <1 

||/|Hp^«(RM4})|| := ^||4(pfc*/)|Lp(R")r r (2.9) 

(the modifications of (12.91) in the case q = 00 are clear). 


Let r G (0, 00 ], / G L(.°'’’(R"), I G N. We set (the modification in the case r = 00 
is clear) 


X\h)f{x) = ^(-l)'+*Q7(a; -f ih), a; G R", hG 


2=0 


d(.(x + 2-'=/")/:= ( 2 "'=" y j \X\h)f{y)\-dhdyy, a: G R", fc G Nq. 
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Definition 2.3 (see [16]): Let p,q,r,ai,a 2 G (0, oo], as > 0, a^ := {a^}, := 

{a^.} be sequences of positive numbers. Assume that a weight sequence {tk} G 
Xa%,p- By Bp ,j j.{W^,{tk}) we denote the class of functions / G with 

finite quasi-norm 


y OO 


+ ||to||/|L.(- + ni||Lp(K")|| (2.10) 


(the modifications of ( 12 . 101 ) in the case q = oo are clear). 

Remark 2.4: Let p G (0,oo), s G R, {a\} = {a^} = {2*^'*}, a weight 7 ^ G 
A|^‘^(R"’) and > [s] Taking {tk} = { 2 ^* 7 } in the Definition 12.21 we obtain 
the definition of the weighted Besov space of m-, we denote this space by 
Bp ^(R", 7 ). It is known that in the case 7 G Aoo(R"') and > [s] the definition 
of the weighted Besov spaces, as given in terms of the Fourier transform (see the 
introduction), and the definition in terms of convolutions with smooth functions 
are equivalent (see m for details). 

Arguing as in the proof of Proposition 1.2 of [M] and using Theorems 3.6 
and 3.8 of [?], one may show that, for p, g G (0, 00 ], {sfe} G and > [a^], 

the space (R”, {s^}) D S"(R”) coincides with the space i3pfg'‘^(R"’) (Defini¬ 
tion fra . the corresponding norms being equivalent. 


Theorem 2.1 (Hardy’s inequality): Let 1 < s < 00 and let {a^}, {(3k} be se¬ 
quences of positive real numbers. Then the inequality 



< C 



( 2 . 11 ) 


(with straightforward modifications in the case s = 00 ) holds with constant 
C > 0 independent of the sequences {oj,} in the cases: 


1 ) 

2 ) 



if sup(E^^)Vf:/3r')" 
if Bup(f:/3^)Vx:/3r')" 


< 00 , 


< 00 . 


( 2 . 12 ) 

(2.13) 


For s G (1, 00 ) a proof is given in [3]. The cases s = 1 and s = 00 are clear 
and are verified directly. 


3 The space (M'^, {4}) 

In this section we show that the norms (12.91) are equivalent with various functions 
Po under fairly weak constraints on a variable smoothness {tk}- 





3 The space (R™, {tfe}) 


7 


To this aim we shall modify and substantially simplify the methods of [T5] . 
In particular, the use of the theorem on the boundedness of the local maxi¬ 
mal Hardy-Littlewood operator in weighted Lebesgue spaces (see [13]) will be 
avoided. The crux of such a simplification in the ‘correct definition’ of the weight 
class p (Definition 2.1) and the use of the maximal function MA{rn,j,c) 
(see below). 

Let A > Q and let a function (/jq G D(IR"), / (po{x) dx = 1, ip = ipo — 
Given a distribution f G S'^, consider the following maximal function 

MA(TO,j, c)[/] := sup2'^('^“''^ sup ipk*f{y), mGZ^, JgNq, c > 1. 

k>j 

(3.1) 

A similar construction was used in m- The advantage of our construction 
is that it is local and proves more natural when working with spaces of variable 
smoothness. 

Let c > 1, m e Z", j G Nq. Then, as is easily seen, MA{rn,j,c) < oo with 

/ e 5', A > Nf. 

We shall require the following crucial fact from Ha- 

Theorem 3.1 (the local reproducing formula): Let ipQ G D(]R") and / (fodx = 1. 
We set (f := (fo — Then, for any number A > 0, there exist functions 

ipo,'>P S D(MA) such that > A and, for any distribution / G D'CMA), 

OO 

/ = E -ipj * (fj * f in the sense of convergence in Z1'(]R"). (3.2) 

3=0 

The estimates from the following two lemmas will be crucial in the subse¬ 
quent analysis. 


Lemma 3.1: Let r G (0,oo), ci > 1, A > 0. Then there exist constants C := 
C{n,r,(pQ,A,ci) > 0, C2(ipo,ci,n) > Ci such that, for j G Nq, m G and 


MA{m,j,ci)[f] < C 



Wk * f{z)Y dz 


(3.3) 


The proof of this lemma mainly follows that of Lemma 2.9 of [T^. We give 
a sketch of the proof indicating only the differences appearing in our setting. 

In view of ()3.2|1 


OO 

k=j+l 

(as in the proof of Lemma 2.9 of [13]), where one may assume that > A. 
For all k > j we have the following estimate 
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with constant C > 0 independent of both k and j (the condition > A being 
useful; see m for details). 

Hence, taking into account that for k > j the support of the function ipj * ipk 
lies in the cube of side length at most we have, for i < j, 



If r > 1, then an application of Holder’s inequality first for integrals and 
then for series with exponents r, r' completes the proof. 

If r G (0,1), then from (13.41) it clearly follows that, for k > j, 


sup [ \^i*f{z)\dz 

<C(M^(m,j,ci))i-’-(f;2(^-')^’-2'" f \^i*f{z)rdz 


< 


(3.5) 


Now the conclusion of the lemma with A > Nf follows from (|3.5I) . because 
we have MA{m,j,ci) < cxd for H > Nf. Note that the constant C in (13.5p 
depends only on n, r, i^q. A, ci. The proof is completed by arguing, with small 
modification, as at the end of the proof of Lemma 2.9 of m- 

Notation. We need the following notation. Given G (0, g], we set := ^ 
and denote by g(^ the conjugate Holder exponent to g^. For r G (0,p] the 
exponents Pr and are defined similarly. 


Lemma 3.2: Let p,q £ (0,cx)], r G (0,p], cti = rp(., cr 2 G K and let {o^}, 
{a|} be sequences of positive real numbers, as > 0. Next, let {tk} be a p- 
admissible weight sequence from c > 1. Further, assume that, for some 

numbers A > 0, p G (0, min{l,g,r}], condition (2.12) is satisfied with s = g^, 
{/3fc} = {(2^'^aJ,)''}. Then, for any distribution / G (R”, {tk}), 


j—0 




< c 


OO 

E 


tl{x){ipk * f{x))y dx 




(3.6) 


where the constant C := C(n,p, g,/i, 03 , {a).}, tri, c, H, (^g) > 0 is independent 
of /. (The modifications for p = 00 or q = 00 are clear.) 


The proof will be given for p,q ^ 00 (the case p = 00 or g = c» is treated 
similarly). Using first estimate p.3l) . and then taking into account that the Iq- 
norm is monotone in g, employing Minkowski’s inequality for sums (inasmuch 
as ^ > 1), and using Holder’s inequality with exponents Pr and p} for integrals. 
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this gives, for j G No and /i < min{l,g,r}, 

^lm[MAim,j,c)]P] < 


oo 


E / \^,*fizWdz 

£Z" -qI 


tE V 


< 


^ c- E E 2^^-'=^^^+'^” I 

^k=j ^ -gi 


< C 


OO y 

E2^-'=)"12- E ^Ir. 


k=j 


m^Z'^ 


i'i/i 


\‘Pk * /{ 2 )r 

tk{x) 


M _ E l± 
M \ P 


< 


cQ" 


ifc(a^) 


|(^fc */( 2 )rdz < 


(«) 


j tl{z)\^,.f{z)\Pdzj . (3.7) 

k—j mGZ”'~Q^ 


Here, we also used that 2^ = 2^" + 2^"^. Now the required assertion follows 
from (j3.8p and Theorem l2.1l in view of the assumptions on the parameter A and 
the sequence {aj.}. 

Theorem 3.2: Let p,q € (0,oo], r € (0,p], CTi = rp'^, CT 2 = p, let {a\], {af} 
be sequences of positive real numbers, and let {t^} G ^a%,p- Assume that, for 
some numbers A > 0, /r G (0, min{l, g, r}] and a function ( ■= (q — 

(Co G D(R")), condition (2.12) is satisfied with s = q^, {/3fc} = {(2*^'^Q!^)^}, and 
condition (2.13) is satisfied with s = {/3fe} = a\Y}. Then 

||/|i?^«,(R",{4})|| < C||/|H^^“(R",{4})||, (3.8) 

the constant C > 0 is independent of the distribution f € S'^. 


The proof will be carried out in the cases p,q ^ oo (the cases p = oo and 
q = oo are simpler and are dealt with similarly). 

By the local reproducing formula. 


/ = E] 'i’k * ‘Pk * f in the sense of D'{EA), 
k=0 

where may be arbitrarily large. 

We set C := C “ 2“"C(2)- According to [13], 


||C,*V^fc|Too(M”)|| <C 


2 (^“l)(-Z'C+i) 2 ^", 


j <k 
k < j. 


(3.9) 


(3.10) 
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The diameter of the support of the function Q * ipk is at most c2“^"’ (in the 
case k > j) and c2“^"’ (in the case j > k), the constant c depending only on 
(fO: Co, and n. Combining this with (13.91) . (I3.10|) . this establishes 


sup Kj*f{y)\< 

j oo 

^ sup \ipk*fiy)\+ X! sup \ipk*f{y)\- 

k=o y^‘=Qk.^ k=j+i y^<^Qlm 

(3.11) 


For k < j, the cube is the unique dyadic cube on the right of (13.lip 
that has side length 2“^ and contains the cube 

Choosing so that A < + 1, we obtain, for s: = + 1 — A > 0, 

OO OO 

sup \(fik*f{y)\< 2^^~'"''^MA{m,j,c)<CMA{m,j,c). 

k=j+i y^<^Q"j,m k=j+i 

(3.12) 

Using (13.121) with y G (0, min{l,p, g}] it is found that 

{ H sup \Cj*f{y)\A < 

sup \ipk*fiy)\A ) + 

+^( E tlJMA{m,j, 0)]^=] " =: + S^,^. (3.13) 

^meZ" ' 


To estimate Sij we shall employ Minkowski’s inequality for sums (because 
^ > 1) and use condition (2.3). We have 

j P. ■. 1 . 

Si,j <c( sup |v?fe*/(j/)r) ) < 

'^mGZ" ^k=0 y^‘^Qk,m 2 ^ 

0 Ml 

sup \(pk*fiy)\A ) < 

Q",mCQJ,Si 


< C'(^ 2 ^(^' 


-fc)(-Lc-i)f ^ 


fc =0 

3 


E ®’^p */(?/)P 

mgz" y^’^QkM 


P \ M 


< 


< (7/ ^ 


2 \ M 
2 . 

2 
Ai 






— \ — 
P \ M 


(3.14) 


Now the conclusion of the theorem follows from estimates (13.131) , (I3.14p , the 
restriction on and from Theorem 12.11 and Lemma 13.21 













4 Comparison of the spaces Bp^q ,.(R",{tk}) and , {tk})■ 


11 


Remark 3.1: From Theorem 13.21 it clearly follows that the spaces (K.", {t/c}) 
and {tk}) are equal and that the corresponding norms are equivalent, 

provided that (2.13) is satisfied with s = = {/3fc}, and in 

addition, with s = g^, a\Y} = {/3fc}. 

In the particular case when {a^} = {2^“^}, {a|} = {2*^“^} (a 2 C R) the 
space (R", {t/c}) is independent of the choice of a function (fQ G £>(R"'), 
provided that > [ 02 ], the square bracket denoting the integer part. 

In the case p,q & (0, 00 ], p ^ 00 , r G (0,p), {tk} = { 2 '''* 7 } with s G R, 
jP G A*|’'^(R") we obtain one result of [T3] (Corollary 2.7)—the independence of 
the definition of weighted Besov spaces of the choice of a function ipo, provided 
that > [s]. 

A closer look at the argument given in the proof of Theorem l3. 21 leads to the 
following interesting observation. 

Theorem 3.3: Let p,g G (0,oo], r G (0,p], cti = rp}, 02 = p, let {a\}, {a^} 
be sequences of positive real numbers, and let {tk} G Assume that, for 

some numbers A > 0, p. G (0, min{l, g, r}], condition (2.12) is satisfied with 
s = g^, {13k} = {(2^'^afc)''}, and condition (2.13) is satisfied with s = g^, 
{Pk} = {(2-'=(i+^Aa2)M}. 

Then {tk}) = 5^“ (R", {tk}), the corresponding norms being equiv¬ 

alent. 

The proof requires only minor modifications to that of Theorem 13.21 the 
arguments depend upon Lemma l2.ll We omit the details. 

Remark 3.2: Theorem 13.31 enables us to get rid of the singularities and degener¬ 
acy points in weights from a sequence {tk}- This fact proves to be a useful tool 
in subsequent applications of the spaces (R", {tk})- In particular, if p, g G 
( 0 ,oo], p ^ 00 , 7 P e A|^-(R"), > [s], ^hen i3^,,(R'^,7) = (R", {74) 

where 7 fe(a:) = 2 '"'*+^ X) Xq- (a;)|| 7 l 4 (Qfe m)llfc G Nq, a; G R". 

meZ" 

4 Comparison of the spaces g {4}) and S«(K”,{4}). 

It is well known (see, for example, §2.5.3 of [TS]) that for {sk} = { 2 ^®} and 
p,q G ( 0 , 00 ] the spaces ^_p(R”, {sfc}) and i 3 pf 5 ^(R”) coincide when s > 
nmaxji — 1,0}. However, if s < nmax{i — 1,0}, then the space i3p}}^(R") 
(unlike the space Hp ^_p(R”, { 4 })) contains the Dirac delta function. In this 
section we shall establish the relation between the spaces Hp ^^^.(R"’, { 4 }) and 
(^^i { 4 }) under minimal assumptions on the variable smoothness { 4 }- 

Theorem 4.1: Let p,g G (0,oo], r G [l,oo], 9 G (0,minjp,r}], ui = 9pg, 02 G 
(0,oo], as > 0. Assume that the sequence (al)~^} lies in for 

some p < min{l,g,0}. Further assume that a weight sequence {4} G X“},.p. 
Then 4^“ (R”, {4}) C Lj°4R”). 


j-ploho 
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The proof will be conducted for p, g ^ oo. The cases p = oo or g = oo are 
dealt with similarly. 

Let / C (R”, {tk})- From Minkowski’s inequality and since the Z^-norm 
is monotone in g, we have, for p < min{l, g, 0}, m C Z”, 


1=0 




^0,m 
r OO 


'- 3=0 


< 


< 


E E 

j—O 

QlrnCQlm 


I'Pj *f{yWdy 


M _ 1 

- 


(4.1) 


Using Lemma [3T] (with 9 instead of r), condition (2.3) and Holder’s inequal¬ 
ity for integrals, this establishes 


E ( / IV’j * fivW dy) < 2 ”^" sup \(pj*f{y)f< 


veQ" 


Q"-CQn 

^ O.m 




OO „ 

m^'L^ k—j rCi'^ 

OO r /* ^ 

< / fg(z), 

_L 


itk{z)y 


cQq 


)dz 

* fiz)\Pdz 


cQq 


< 


Va) 

k=j 


tliz)\(pk * fiz)\P dz 


cQq 


(4.2) 


The constant C on the right of (14.21) depends on to C Z”. 

We first substitute estimate 63) into 63- Then, for H > f, we change the 
order of summation, apply Holder’s inequality with exponents g^, q'^ for sums 
(here, we set g^ = ^), and use the condition ^^(a^)"''} £ Iqi^. Hence, 


‘liclY. 

kj=o 


2fcn(i-7) \ P 


at 


tli^M'Pk * f{z)\P dz 


P \ ^ 


cQq 


< 




A;=0 




cQS 


(4.3) 
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From g31) it follows that the series Yh 'fj * f converges in the sense of 

1=1 

to some function g C Lj,°'^(]R"). Hence, since r > 1, this shows that the 

OO 

series Y ‘fj * f converges to g in and hence in the sense of £)'(]R"). 

1=1 

OO 

But then f = g £ because, clearly, the series Y fj*! converges to / 

1=1 

in the sense of The proof is complete. 

For further purposes we shall need to recall some elements of spline approx¬ 
imation theory. By we shall denote the linear space of splines of degree I of 
the form 

Six) := a: CM", 

where Nl ^ is the dyadic B-spline of degree 1. For the background definitions 
and references we refer the reader to m- 

We shall need the following basic properties of the H-splines Nl 

1 ) The H-splines Nl ^ form a partition of unity on K” for each fixed fc € Nq. 
That is, 

J2^lrnix) = l, xeK". 

m^Z'^ 

Here, the overlapping multiplicity of the supports of splines Nl ^ is finite and 
is independent of both k and m. We also note that supp ^ C ^ + [0, 
and iVfc € (0, 1] for x G ^ + {0, 

2) On each cube ^ the function Nl ^ is a. polynomial of degree < I in 
each variable. 

3) The spline N^ has continuous derivative of order 1 — 1. At knots ti = i, 
i G {0,1,...,!}, the spline N’- has finite one-sided derivatives of order 1. Hence, 
for some C > 0 (which is independent of x, h, k), 

A\h)Nl^^ix)<C{2>^\h\y, x,heR\ 

4) Any spline S = Y Pk,mNl „ may be expanded in a series of splines 
for j > k: 

s=Y. hAS)Ny^. 

Lemma 4.1: Let I G N and let a spline S G E(,. Then, for any ri,r 2 G (0, -Loo] 
and any cube 

Qk,m n supp 

< (4.4) 


Ci||5|L,,(Q^,,„)|| < 
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the constants Ci, (72, Ca > 0 are independent of both the cube ^ and the 
spline S. 

The proof is a straightforward modification of that of Lemma 4.2 in [^. 

Theorem 4.2: Let p,q,r G (0,oo], 9 G (0, min{p, r}], > 0, cti = Op'g, cj 2 = p, 

and let sequences {a\}, {a|} of positive numbers be such that, for some p, G 

(0, minfl, 9, g}], condition (2.12) is satisfied with s = Qu, {/3k} = 

r- r-' 

and condition (2.13) is satisfied with s = q^, {(3k} = {(2“^*q;|)^}. Next, let 
{tk} be a p-admissible a weight sequence such that {tk} G Then: 

1) Each function / G Bp gp.(M.^,{tk}) can be expanded in an Lj,°‘^(R"’)- 
convergent series of splines. More precisely, 

CXD 

^kU) in the sense of where 

^ Pk,m{‘p)Ni^^{x), a:GM”. (4.5) 

Moreover, (with the standard modifications for p = oo oi q = oo) 

/ / \ p\ 9 

N{f,l,{tk}) :=inf 5] ^ ) J ' < {4})||, 

(4.6) 

the infimum on the left of (14.6p is taken over all series of splines that Lj,°'^(R”)- 
converge to /. 

2 ) If, for some multiple sequence {/3fe,m}, 

(^( ^^k,m\Pk,m\^'\ i < OO, 

7fe=o kmeZ" 7 / 


then the series ^ ^ !3k,mX\. ^ converges in Lj,°‘^(IR") to some function / G 

k—0 meZ"' 

Bp q_^(R", {tk}), and moreover, for some constant (7 > 0, 

||/|B'_,_,(R",{ 4 ,„})|| <C7V(/,1,{4}). 

Proof. The proof of Theorem 14.21 is similar to that of Corollary 4.4 of [16]. 

Theorem 4.3: Let p,q € (0,oo], r G (0,p], 03 > 0, cti = rp{, = p, C 
(f := (fo — 2 “"ipo( 2)5 nnd let sequences {a\}, {a^} of positive numbers 
be such that, for some p G (0, min{l, r, g}], condition (2.12) is satisfied with 
s = {/5fc} = {(®D^} ^nd condition (2.13) is satisfied with s = g^^, {(3k} = 

{( 2 -fc(i+L,p)Q, 2 ^/ij g _ _ {(2~'‘'-al)k‘}. Next, let {tk} be 

a p-admissible weight sequence, {tk} G X(^(^ p. 

Then B^o(K",{tfc})nM°"(R") = B'{4}) R the corre¬ 

sponding norms being equivalent. 
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Proof. Throughout the proof we fix /i C (0, min{l, r, g}] from the hypotheses 
of the theorem. 

Step 1. We claim that (K™, {4}) fl C {4}) fl 

Indeed, since, by the condition / C a function / can be expanded in 

a series that converges not only in Z?'(IR."), but also in 

CXD 

i=o 


We set /i.fe := X] * /: / 2 .fe := / - /i.fe, where k C Nq. 

j=o 

We have 




g 1 
p\ Q 


E E tlm[sUQim)fr) E E ti.MQim)h,kr 


k—O 


q 1 
p \ q 


+^(E( E tlMQlm)f2,k] 


k—0 


g 1 
p \ q 


=: Si + S 2 . 


Since the /^-norm is monotone in g, we have 

( 00 / ^00 

k—0 ^j=k 


p \ p \ q 


(4.7) 


To estimate the right-hand side of (14.71) we shall employ Minkowski’s in¬ 
equality for sums (because ^ > 1). As a result. 


00 ^ 00 


E E E 

^k—0 ^j—k ^mGZ’^ 


p 1 M \ g 

p \ K \ < 


00 00 


- (EjE( E ""’iiv'j */il^(cq^^, 

^k—O ^j—k ^meZ^ 


i£ 9. v i 

p 1 p \ g 


(4.8) 


with some constant c > 0 depending only on /,n 

Using Holder inequality for integrals, (2.3), ()2.5|) and since the cubes 
have finite overlapping multiplicity (independent of fc, m), this establishes 

f {x)\ipj * tjjj * f {x)\P dx < 

~rjj~ y-ITn ^7 


m^Z' 






(4.9) 



4 Comparison of the spaces Bp ,j ,.(R",{tk}) and , {tk})■ 


16 


Next, inserting (gH) into (14.81) . using Theorem 12.11 and then employing 
Lemma l3.21 we obtain 


S2 < C ^Irn sup \iPj*f{y)\P) < 


j —0 


yecQ^ 


-\ - 

p \ q 


g 1 
p \ g 


Since the L-norm is monotone in q, we have 


(4.10) 


E E 


p\ p \ q 


(4.11) 


Given j < k we let Q^ff^ denote the unique dyadic cube containing the cube 
Qk^jn- By the Lagrange mean-value theorem we have, for x S h C 2“^J”, 

A'(h)[2-^”t/;j- = 1 = ipj * f]{x) < \h\^ ( sup (^)i sup \(pj * f{y)\ < 

<C2(^-'=)' sup \ipj*f{y)\. 

yecQ"^ 

(4.12) 

Now to estimate the right-hand side of (14.lip it suffices to invoke Minkowski’s 
inequality for sums (this is possible, because ^ > 1), and then apply estimate 
(I4.12p . Theorem 12.11 and finally, Lemma [3.21 We have 


y 00 y k ^ 

E E E 

0 ^j—O ^mCZ^ 


— \ — \ — 
p \ p \ q 


< 


00 / k 


^^ E E E 


E 


k—O ^j —0 
00 / / 9 \ M k 

a ^ 


yecQ" 


— \—\- 

p \ p \ q 


< 




_^ 

2kl 


E 


1=0 ^ 


2ji 


E sup \ipj*fiyW 


— \ —\ - 
p \ p \ q 


< 


-^(E(E ^'^p 


j^o ^mGZ^ y^^Qj,ni 


g 1 
p \ q 


<C||/|B^«(R",{t4)||. (4.13) 


The required embedding now follows from estimates (14.81) and (14.131) . 

Step 2. We claim that i?^,g,^(R”, {4}) fl L‘r(K’") C (K”, {4}) fl L\°‘=(R"). 
Let us expand a function / C ,,(IR", {tfc}) P| L)°‘’(R"’) in a series of splines 
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converging in More precisely, we expand / as 


f = ^v\{f) in where 

3=0 


•= P3,miy\)N]^^{x), X 


(4.14) 




Let oj G / u){x)dx = 1. We set ^7o(3^) := — 

2^1 

X € W^. It is easily seen that / ^7o(^) dx = 1 (here, the identity 0 = (1 — 1)^ = 

i 

J2i~^Y~^^i useful). We set flo — 2“”f]o(2)- Hence, 


2 = 0 


%*/=5:(-i)'-*q/ — 




fiy) dy = 


^ /oj’T’ r f \ 

= ^(-1)'"*Q(— J uj{2^y)fix-iy)dy - - — J uj{2^~^y)f{x-iy)dyj = 

= J 2^^u3i2^y)A\y)fix) dy - J 2 (^-i)"cc(2(^-i)y)A'(y)/(a;) dy; (4.15) 

the convolution can be understood in the conventional sense, because / C 
L)°'=(IR”). 

The subsequent argument is closely similar to that of Step 1, so we shall give 
a sketch of this proof, omitting the details. 

We set Vl k ■= ^2 k~ f ~^ik foi' ^ ^ ^o- By Theorem [5^ 

3=0 

tli.x)\ipk* f{y)V^ ) f{y)\^'^ ^ < 


q 1 
p \ g 


—: S'! + S 2 


(4.16) 


(we note that this theorem is valid without any constrains on the moment of 
the function 17). 

Using Minkowski’s inequality for sums. 


00 ^ 00 


^k—0 ^j—k 


— \ — \ - 
p \ M \ q 


(4.17) 
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We next use inequality (HU), apply Holder’s inequality with exponents Pr, 
pj, to the sum over m, and take into account Remark |2. II As a result, 

E < c E E H\L,{Qif^)\X < 

mGZ" meZ" ^ mGZ" ' 

i: 2<"/ 

(~)n 

^^ E (4.18) 

mGZ" ^ J ^ 

Substituting (14.181) into (14.171) and using Theorem 12. 11 this gives 

52<C||/|H',,,,(M",{4})||. (4.19) 

To estimate S'!, we first write down the following chain of inequalities for 
k > j (this follows from (12. 5|) and since the overlapping multiplicity of the 
supports of splines Aj is finite) 




tjjx) 

tUx) 




< 


<C J tlix) 


J tl{x)\nk *Vjf dx < 

2 (fe-i)n [ \A\hy^{x)\dh + 2^^ J\A\hy^{x)\dh 


J” 

2 ('=-l) 


r" 


< 


< C' 2 (Afc)'p 2 


ai^supp n!^ ^ 


dx < 


U \H\LricQijr. 


(4.20) 


Using (14.201) we have in view of (2.4) 
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Applying estimate (14.211) in combination with Theorem 12.II we obtain 

S,<C\\f\Bl^^,iR\{tk})\\. (4.22) 

Now the required estimate follows from estimates (14.161) . (14.191) . (14.221) . 

This completes the proof of the theorem. 

We are now ready to formulate the main result of the paper. 

Corollary 4.1: Let p,q,r € (0,oo], 0 C (0, min{l, r,p}]. Next, let a function 
(fo € ip = (fiQ — and let p = {tk} be an admissible weight 

sequence, {4} G with cti = 0p'g, = p, {a^} = {2'=“i}, {a^} = 

{2'=“^}, mm{l,L^ + 1} > ot 2 , oi > n(i - Then B^°(K",{tfc}) = 

{tfc}), the corresponding norms being equivalent. 

Proof. From Lemma I^TT] it follows that {ik} G Since Ly, + 1 > 02 we 

have from Theorem l3.3l that (M”, {tfc}) = {tk}), the corresponding 

norms being equivalent. Hence, in view of the condition ai > n{^ — ) 

an application of Theorem 14.11 shows that C L*°'^(K"). Hence, 

combining Theorems 14.21 14.31 (the assumptions of these theorems are clearly 
satisfied) this gives ,.(]&"■, { 4 }) = ■§p. 5 .e(R": { 4 }) = { 4 }), the 

corresponding norms are equivalent. 

Remark 4.1: Let us consider some particular cases of Corollary 14. II 

Applying Corollary 14.11 with r = 1, 0 = min{r,p}, taking into account 
Remarks l2.3M2.4l we obtain in view of Theorem 2.5 of m that, for p,q € ( 0 , 00 ], 
{sfc} G ai > nmax{| —1,0}, I > 02 , the space consists of the 

functions / G Amax{ip}(®”) (moreover, Bp^q^M.^) is continuously embedded 
into ^mL{i,p}(®”))- Besides, 





\\skA,{2-^)f\L 


||so||/|Li(- + r)|||Lp(K")|| 


(4.23) 

(the modification in the case q = 00 are standard), where, for a function / G 
L(.°'=(IR”) (r G (0, 00 )), / G N we set 


/ I 

\A\h)fix)\^ dhy, a:GK”,fcGN. 

in 

This result is slightly different from Theorem 18 of [10]. Indeed, as distinct 
from m, we do not impose any restrictions on the parameter 0 : 3 , but at the 
same time we do not guarantee that the embedding Hp}j''i(IR") C Lmax{i,p}(®") 
is continuous. 

Assume now that p, g, r G (0, 00 ], p, r 00 , 0 G (0,p], 7 ^ G Ap (R"). 
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Taking into account Theorem 2.5 of m and Remarks [231 we see that, 
for s > n(| — r} )’ Weighted Besove space i?p q(R", 7 ) is continuously 

embedded into p}(®”))' Moreover, 

1 

C OO \ q 

(4.24) 

(the modification for g = oo is standard). 

Thus result is a particular case of Theorem 3.14 of [7] and was obtained 
using different technique. 


5 Applications 


As a possible application of the above results we give an equivalent description 
of the trace space of the weighted Sobolev space. 

Throughout this section we fix natural numbers d, n > d and a parameter 
p G (1, oo). A point of the space = K" x will be written as the pair 
X = (x', x"). 

Let I G N and let 7 be a weight. By W^(R”, 7 ) we shall denote the weighted 
Sobolev space with the norm 

||/|W'(R-,7)II :=^||7^“/|ip(K")ll, 

a<l 

where 0°" f are the (Sobolev) generalized derivatives of a function / of order a. 

In what follows, we shall assume that the weight lies in the weighted Mucken- 
houpt class Ap(R") (the definition of the class Ap(R) may be found, for example, 
in Ch. 5 of [II]). 

Given fc e No, we set 




7 (x^, x'^) dx'dx"^ x' € 




B<^ \ 
^W+T) 


It is easily seen that { 7 ^} G for some ai, 02 G R, as > 0. 

We do not define the trace on the plane of a weighted Sobolev space, but 
refer the reader to m 

The following result is obtained by a combination of Theorem 3.1 of [16] 
with Corollary 14.11 and Remark 12.41 

Theorem 5.1: Let p e (l,oo), r S [l,p), 7 ^ G A£(R"), / G W^(R^,j), I > 

Then there exists the trace (p G of fho function /, and moreover, 



(5.1) 


The constant Ci in (|5.ip is independent of the function /. 








5 Applications 


21 


Conversely, if a function Lp G , then there exists a function / G 

Wp{W^,j) such that p is the trace of / on and moreover, 

||/|Vh'(R", 7 )|| (5.2) 

the constant C 2 in ()5.2I1 being independent of the function p. 

Remark 5.1: It is worth noting that this result is new and cannot be obtained by 
the methods available before. Indeed, the previously available machinery, which 
was developed for studying Besov spaces of variable smoothness, is much like the 
classical methods for dealing with Besov spaces of constant smoothness. The 
methods known so far depend on pointwise estimates of the variable smoothness, 
and hence are incapable of yielding Theorem 5.1 (see [16] for details). 
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